Abstract. Let A ⊆ Q be any subring. We extend our earlier results on unit groups of the standard quaternion algebra H(A) to units of certain rings of generalized quaternions
Generalized quaternions.
We apply the notation of [2] . In particular, F stands for a free group of rank two and A n = Z[1/n] for any n ∈ N.
For any subring A ⊆ Q we consider not only the standard quaternion A-algebra H(A), but also a generalized quaternion algebra H(A, 
Using this embedding we can apply the standard quaternion notation. In particular, for
The unit group of an arbitrary ring R is denoted by U(R). For any α ∈ H(A, a, b), by (3), we know that α ∈ U(H (A, a, b) ) if and only if n(α) ∈ U(A), because in H we have α −1 = α/n(α). We are going to extend this result. Because any subring of Q is a localization of Z at a subset of N, we have
where a , b ∈ N and are square free.
If in generalized quaternions one of parameters is equal to 1 then a further reduction is possible. (H(A p , 1, b) ) is cyclic-by-finite. A p , 1, b) . Then the group p is a central subgroup of U(S). Moreover, any u ∈ U(S) can be written in the form u = p k α, where k ∈ Z and α = a 0 + a 1 + a 2 j b + a 3 k b ∈ H (Z, 1, b) . We can assume that not all a i 's are divisible by p and of course n(α) = p r for some r ≥ 0.
Proof. Let S = H(
Assume r ≥ 2. This implies that p | (a 2 0 + a 2 1 ), hence p | a 0 and p | a 1 because p is not a sum of two squares in N (see [5, §13.5] ). From (3) we then deduce that p | (a 2 2 + a 2 3 ). Hence, as above, p | a 2 and p | a 3 , a contradiction to the choice of α.
In this way we proved that r < 2. Hence we have only a finite number of elements α, and the group p has finite index in U(S).
On the other hand we have Example 1.6. Consider the ring R = H(A 2 , 1, 3) and elements α = 1 + j 3 + 2k 3 , β = 1 − 2j 3 + k 3 . Then, from (3), n(α) = n(β) = 16. Hence α, β ∈ U(R). Let G = α, β . Using the embedding ε : R → H defined by (2) we obtain an embedding of G into U(H). Now, as in §2 of [2] , we can apply a result ofŚwierczkowski to show that the group ε(G) is free nonabelian with free generators εα and εβ. Hence G F. 
Cayley numbers. In this section C(
With the help of (4) and (1) it can be checked that ϕ is an embedding of A-algebras.
If b is a sum of three squares in Z, then it is enough to observe first that H (A, a, b) H(A, b, a) and then to apply the previous case.
Finally, suppose neither a nor b is a sum of three squares of nonnegative integers. We can also assume that a ≤ b. Because a and b are square free, by Lemma 2.1 we have a ≡ 7 mod 8 and b ≡ 7 mod 8. By the Legendre Four Square Theorem (see [5, 4] ) and our assumption we know that a is a sum of four squares in N. Write a = a Using (4) and (1) it can be checked that ϕ is an embedding of A-algebras.
As a consequence of the above theorem, Theorem 1.1 and Example 1.6 we obtain the following result, answering in particular a question from [2, p. 27].
Corollary 2.3. Let Z ⊂ A ⊆ Q be a subring. Then F ⊆ U(C(A)).
Remark. From Theorem 1.1, Example 1.6 and [2] it is visible that there is an effective construction of F ⊆ C(A) for any Z ⊂ A ⊆ Q.
